Compressive sensing (CS) in a photonic link has a high potential for acquisition of wideband sparse signals. In CS it is necessary to mix the input sparse signal with a pseudorandom sequence prior to subsampling. A pulse shaper with a spatial light modulator (SLM) can be used in photonic CS as an optical mixer to improve the speed of mixing. In this approach, the sparse signal is modulated on a chirped optical pulse and the pseudorandom sequence is recorded on the SLM within the pulse shaper. The optical mixing in the frequency domain is realized based on the principle of frequency-to-time mapping. In this paper, we investigate the performance and limitations of photonic CS with an SLM in detail. A theoretical model to describe optical mixing based on frequency-to-time mapping is presented. We point out that there is an upper limit on the length of the pseudorandom sequence recorded on the SLM that can be mixed with the sparse signal due to the condition of the far-field approximation of the frequency-to-time mapping. Since the length of the pseudorandom sequence is one of the major factors that affect the signal recovery performance in CS, this limitation should be fully considered in the system design of the CS with optical mixing in the frequency domain. We present numerical and experimental results to verify the theoretical findings. Discussion on the performance improvement is also presented. © 2015 Optical Society of America OCIS codes: (320.7085) Ultrafast information processing; (250.4745) Optical processing devices. http://dx
Introduction
The Shannon/Nyquist sampling theorem is one of the foundations of modern signal processing [1] . Nowadays, the improvement of analog-to-digital converters lags far behind digital signal processing, which is mainly due to the lack of an ultrafast sampling clock with low timing jitter. Recently developed compressive sensing (CS) provides a potential way to overstep the limitation of the sampling rate, by which a wideband sparse signal can be captured with measurements well below the number expected from the Shannon/Nyquist theorem. The sparse signal refers to any signal that is sparse in a certain orthogonal basis. The process of a CS system includes a measurement process and a reconstruction process. The measurement process involves the mixing of the sparse signal with a pseudorandom sequence, low-pass filtering, and sub-Nyquist sampling. In the reconstruction process the input sparse signal is recovered at or above the Nyquist rate from the measurement results with a recovery algorithm. The random demodulator and modulated wideband converter (MWC) are two well-developed CS techniques for acquisition of wideband sparse signals [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
Recently, implementation of CS with photonic techniques has attracted lots of research interest, since it offers higher bandwidth by moving the operations of modulation, mixing, and filtering into the optical domain [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . At this point, several photonic CS schemes have been proposed. Experimental realization of CS in a photonic link was also demonstrated, which shows that compressive sensing in the optical domain provides a potential way for digitization of signals with extremely high bandwidth, e.g., tens of gigahertz. CS based on the architecture of a MWC with multichannel optical links was proposed in [2, 3] . An approach to implement the mixing of the sparse signal with a bipolar pseudorandom sequence in the optical domain was proposed in [4] , in which multiple optical intensity modulators with proper bias were employed. A photonic CS scheme using chirp processing with ultrafast laser pulses was demonstrated in [5] , in which the pulses are partially compressed in time, extending the effective sampling rate, and then fully compressed, effectively integrating the measurement. Combination of the techniques of CS and photonic time stretch was proposed in [6, 7] , which can further decrease the bit rate of the pseudorandom sequence and the sampling rate of the digitizer. The integration function required in CS, equivalent to low-pass filtering, can also be implemented in the optical domain, as demonstrated in [8] . Most recently, the technique of photonic temporal channelization in combination with photonic CS has been proposed to capture wideband sparse signals [9] .
Note that the implementation of CS with the help of photonic techniques was initially proposed by Valley and co-workers in [10, 11] , in which the mixing of the sparse signal with a pseudorandom sequence is realized using chirped optical pulses and a pulse shaper with a spatial light modulator (SLM), and the pseudorandom sequence is recorded on the SLM. In this approach, the sparse signal under test is modulated on chirped optical pulses and the random mixing is implemented in the frequency domain based on the principle of frequency-to-time mapping. Therefore, it totally avoids the speed limitation of any conventional mixer operating in the time domain. The influence of nonideal frequency-to-time mapping has been discussed in [15] . However, full performance characterization of this approach has never been presented. This paper will focus on the performance characterization of photonic CS with optical mixing using an SLM-based pulse shaper. Our theoretical analysis points out that there is a limitation on the spectral resolution of the pulse shaper, due not to the finite spectral resolution of the SLM but to the nonideal frequency-to-time mapping. The limitation on the spectral resolution imposes an upper limit on the length of the pseudorandom sequence, which plays an important role in the signal reconstruction of CS.
Theory
Schematic illustration of the CS with optical mixing using an SLM-based pulse shaper is shown in Fig. 1 (a) [10, 11] , and the pulse shaper with an SLM is shown in Fig. 1(b) . A mode-locked laser is applied for generating ultrafast optical pulses. In the pulse shaper, the broadband pulse is spatially dispersed onto the SLM. Pixels of the SLM are set to block or reflect light according to the predetermined pseudorandom bit sequence (PRBS). In this way the optical pulse is modulated with the PRBS in the frequency domain. The signal then propagates through a dispersive element, and the dispersion-induced frequency-to-time mapping converts the spectral shape to a time-domain waveform with PRBS modulation. After passing through the dispersive element, the optical signal is modulated by a Mach-Zehnder modulator (MZM), which is driven by the input sparse radiofrequency (RF) signal under test, realizing the mixing function of the PRBS with the RF signal. The mixed optical signal is detected by a photodetector and then filtered with a low-pass filter (LPF) and finally downsampled by a digitizer. The obtained samples are sent to a digital signal process module for reconstruction of the sparse signal at or above the Nyquist rate with a sparse recovery algorithm.
The measurement process of CS can be modeled as
where x is a vector with dimensions of N × 1 denoting the input signal to be captured, y is a vector of M × 1 denoting the measurement results (M ≪ N), Φ DHR is the measurement matrix with dimensions of M × N, R is a diagonal N × N matrix denoting the PRBS, H is a matrix with dimensions of N × N denoting the impulse response of the LPF, and D is a matrix with dimensions of M × N denoting the downsampling function of the digitizer. According to the theory of CS, the input signal can be reconstructed by solving an optimization problem given the signal is sparse in a basis [16] . In CS schemes without optical mixing, the signal recovery performance depends on the signal-to-noise ratio of the measured results, the compression ratio N∕M, and the input signal length N. Under a certain signal-to-noise ratio and compression ratio, the longer the input signal length, the better the recovery performance and vice versa. The input signal length is equal to the length of the PRBS. However, the SLM-based optical mixing has an upper limit on the length of the PRBS due to the necessary condition for frequency-to-time mapping, which will be discussed below. Frequency-to-time mapping means that the output waveform in the time domain after a dispersive element has a similar envelope to the spectrum of the input optical pulse. g i t denotes the electric field of the spectrally shaped input pulse, and g o t denotes the pulse after the dispersion. If the temporal width Δt 0 of g i t and the total dispersion amounẗΦ satisfy the far-field condition [17] 
the output pulse g o t can be expressed as
where G i ω is the spectrum of g i t and A denotes a constant. Equation (3) indicates that the output signal g o t has an envelope in the time domain that is similar to the spectrum of g i t, which means the dispersion-induced frequency-to-time mapping or the so-called real-time Fourier transformation. It is shown in Eq. (2) that the key to frequency-totime mapping with good performance is that the temporal width Δt 0 of the spectrally shaped pulse g i t should be sufficiently small for a given dispersion amounẗΦ. In order to estimate Δt 0 , let us assume that a non-return-to-zero (NRZ) PRBS that alternates between 0 and 1 is recorded on the SLM, and the frequency response and impulse response of the spectrum shaper are Hω and ht, respectively. Spectral bit duration of the PRBS in Hω is δ B . The spectrally shaped pulse is expressed as
where gt is the input ultrashort optical pulse with a temporal width τ 0 and * denotes the convolution operation. If the temporal width of the impulse response ht is estimated as τ p , the width Δt 0 of g i t can be estimated by Δt 0 ≈ τ 0 τ p . According to the analysis in Appendix A, τ p can be estimated by τ p ≈ 2∕δ B . In addition, τ p ≫ τ 0 holds true for subpicosecond pulses. Therefore, we have Δt 0 ≈ 2∕δ B . According to Eq. (2), we obtain
If the operation bandwidth of the pulse shaper is B and N denotes the length of PRBS recorded on the SLM, we have
The above equation clearly shows that there is an upper limit on the length of the PRBS for given dispersion amounẗΦ and bandwidth B of the pulse shaper.
In a system with 80 km standard single-mode fiber as the dispersive element, the total dispersion is around 1360 ps 2 . The minimum spectral spacing of the bit duration of the PRBS in Hω is calculated to be δ B-min 21.6 GHz, and the maximum length N max of the PRBS is around 231, assuming the operation bandwidth is 40 nm. The pixel number in one dimension of commercially available SLMs is typically on the order of 1000, which is much larger than the estimated N max . Note that this upper limit on the length of the PRBS pattern recorded on the SLM originates from the approximation condition in the dispersion-induced frequency-to-time mapping rather than the finite spectral resolution of pulse shaper. In other words, the pixel number of the SLM in the spectrum shaper usually doesn't impose restrictions on the spectral modulation in this application.
Numerical and Experimental Results
Computer simulations of CS using optical mixing based on an SLM with different lengths of the PRBS are performed. In the simulations the input optical pulse is assumed to be Gaussian with a full width at half-maximum (FWHM) of 0.5 ps, and the dispersion amount is set to be 200 ps 2 . According to Eq. (5), δ B-min is around 56 GHz. The optical bandwidth of the pulse shaper is set to be 4778 GHz. In the first simulation, the length of the PRBS is set to be N 60. Therefore, the spectral bit duration of the PRBS is δ B 79.6 GHz, and the condition in Eq. (5) is roughly satisfied. The measurement length is M 30, which means the compression factor is N∕M 2. The bit rate of the equivalent pseudorandom sequence can be estimated as R 1 2π̈Φδ B ≈ 10 Gb∕s, and the bandwidth of the photodetector is 20 GHz. The single-tone signal recovery is first tested, in which the frequency is set to be 500 MHz; Fig. 2(a) shows the recovered and input signal in the time domain and Fig. 2(b) shows the detected mixed signal in comparison with the ideal one. The recovery error is around 0.12, estimated by
, where x andx denote the input signal and the recovered signal, respectively. Then a twotone signal recovery is tested, in which the frequencies are set to be 500 MHz and 1 GHz. The recovered and input signals are shown in Fig. 2(c) , with a recovery error of 0.14; the detected and the ideal mixed signals are shown in Fig. 2(d) . We can clearly see that the recovered signals match the original ones. This good recovery performance comes from the acceptable frequency-to-time mapping under the condition in Eq. (5). In addition, the recovery performance degrades when the tones of the signal increase, as expected.
Next, the spectral bit duration is changed to be 47.8 GHz, and therefore the length of the PRBS is N 100. In this case, the condition in Eq. (5) is not satisfied. The simulation results of single-tone and two-tone signal recovery are shown in Fig. 3 . The recovery errors are 0.23 and 0.26, respectively. The recovery performance is obviously worse than that in the previous case, which comes from the nonideal frequency-to-time mapping, since the far-field approximation is not well satisfied. This can be found from the mixed signals detected by the photodetector, which deviate from the ideal ones.
An experiment is implemented in which a passive mode-locked laser with a spectral width of 12.5 nm is applied. A pulse shaper with an optical bandwidth of 1600 GHz and frequency resolution of 1 GHz is employed to carve the spectrum with a PRBS. A coil of single-mode fiber with a length of 80 km and dispersion parameter β 2 17 ps 2 ∕km is applied as the dispersive element. The optical signal is detected by photodetector with a bandwidth of 20 GHz. According to Eq. (5), the minimum spectral bit duration is calculated to be δ B-min ≈ 21.6 GHz. In the first experiment, the length of the PRBS recorded in the SLM within the pulse shaper is set to be N 64, which means that the spectral bit duration δ B is around 25 GHz. Therefore, the far-field condition in Eq. (5) is roughly satisfied. A sinusoidal signal with frequency 250 MHz is used as the input signal to be captured, which is shown in Fig. 4(a) . The mixed signal captured by an oscilloscope is shown in Fig. 4(b) . The low-pass filtering and downsampling required in CS is implemented in a program. The signal reconstruction is based on the l1-magic algorithm for solving the convex optimization problem developed by Candes and Romberg [18] . The reconstructed time-domain signal is shown in Fig. 4(c) , which matches the input signal. The recovery error is calculated to be 0.15. In the second experiment, we increase the length of the PRBS to N 128. In this case, the spectral bit duration is reduced to δ B ≈ 12.5 GHz, and this value is less than the minimum allowed spectral bit duration δ B-min ≈ 21.6 GHz, which means the condition in Eq. (5) is not satisfied. Due to the poor frequency-to-time mapping, the mixed signal shown in Fig. 4(d) is worse than the previous one, in which the amplitude cannot return to zero when mixed with zeros in the PRBS. In this case, the performance of signal recovery, which is not shown, cannot be accepted.
From the above experiments and simulations it is found that we can get acceptable recovery performance even if δ B is not much greater than δ B-min . Note that according to the criterion of frequencyto-time mapping in [17] , the condition in Eq. (5) implies a perfect mapping from the frequency to the time domain. δ B in our simulation is greater than, but not much greater than, the value of δ B-min , which leads to a result in which the mixed signal in the time domain is not perfect but acceptable. These results show that acceptable signal recovery can be obtained for a one-tone or two-tone signal with a less restrictive condition such as δ B > δ B-min 2∕π̈Φ 1∕2 .
Discussion
The compressive sensing with optical mixing using an SLM-based pulse shaper was proposed in [10, 11] , the structure of which is shown in Fig. 5 . The structure in Fig. 1 is slightly different from the one in Fig. 5 . We can prove that they are equivalent if the far-field condition is satisfied.
In the system shown in Fig. 5 , if the MZM is driven by an RF signal xt, the spectrum of the signal Qω at the output of the pulse shaper can be expressed as
where Gω denotes the Fourier transform of the input pulse, H dis ω denotes the frequency response of the dispersive element, Xω denotes the spectrum of the RF signal, and H SLM ω is the frequency response of the spectrum shaper. As discussed above, if the pulse duration τ 0 and the dispersion amounẗΦ satisfy the inequality jτ 2 0 ∕2π̈Φj ≪ 1 and the spectral width ω m of the signal xt satisfies the condition jτ 0 ω m ∕2πj ≪ 1, according to [17] , Qω can be expressed as
This means the modulation function of the MZM can be regarded as a linear process. Since the functions of the dispersive element and SLM-based pulse shaper are both linear, we can change the order of the devices in this system. In other words, the two schemes in Figs. 1 and 5 realize the same function.
In the CS scheme, a longer input signal length (i.e., length of the random sequence) helps to improve the recovery performance. According to Eq. (6), we can increase the length of the PRBS by using greater dispersion. Compared to the simulation in Fig. 3 , we increase the dispersion to be 400 ps 2 . Therefore, the minimum allowed spectral bit duration is decreased to be 39.9 GHz. The length of the PRBS is set to be 100, and the spectral bit duration δ B is 47.8 GHz. In this case, the condition in Eq. (5) is roughly satisfied. The recovered signal, as well as the input single-tone signal, is shown in Fig. 6(a) , and the mixed signal is shown in Fig. 6(b) . In this case the recovery error is 0.13. It is clearly seen that the recovery performance is improved compared to that in Fig. 3 . On the other hand, the increase in the dispersion amount could lead to overlapping of the adjacent pulses. The upper limit of the dispersion is dependent on the repetition rate of the pulse laser.
Note that in conventional CS schemes without optical mixing, under a certain signal-to-noise ratio and compression ratio, the longer the PRBS length, the better the recovery performance. However, in the CS scheme with SLM-based optical mixing, the major factor that influences the recovery performance is the spectral bit duration, which requires the length of the PRBS to not exceed the upper limit. In this way there is a trade-off between the spectral bit duration and the length of the PRBS. In order to get good mapping from the frequency to the time domain, the spectral bit duration is the priority. Therefore, the length of the PRBS is limited by the finite spectral resolution in frequency-to-time mapping.
Conclusions
In summary, we have investigated the performance and limitations of photonic CS with an SLM-based pulse shaper for optical mixing and presented a theoretical model to describe the optical mixing based on the principle of frequency-to-time mapping. By utilizing the theory of time-domain Fraunhofer diffraction, we pointed out the minimum spectral bit Fig. 5 . Structure of CS with optical mixing given in [10, 11] . MLL, mode-locked laser; DCF, dispersion-compensating fiber; PD, photodetector. duration in the spectral modulation of a random sequence and the upper limit on the length of the PRBS for optical mixing using an SLM. Numerical and experimental results are presented to verify our findings. Photonic CS using an SLM-based pulse shaper can effectively improve the mixing speed compared with an electrical mixer. However, the finite spectral resolution in spectral modulation originating from the condition of time-domain far-field diffraction limits the length of the PRBS that can be mixed with the input sparse signal. This limitation should be taken into consideration in the system design.
